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Abstract 


The  initial  transient  response  of  straight  wires  connected  to  coaxial 
lines  is  studied  theoretically  for  the  case  where  a  pulse  is  applied  to  the  co¬ 
axial  line.  The  wave  form  of  the  return  pulse  is  first  found  approximately 
for  the  case  of  a  pulse  of  zero  rise  time.  Since  this  does  not  correspond  to 
any  feasible  experimental  situation,  the  effect  of  a  finite  rise  time  is  consid¬ 
ered  in  detail.  Numerical  results  are  obtained  for  several  special  cases. 


The  work  was  supported  in  part  by  Grant  9721  from 
Foundation  and  Joint  Services  Contract  Nonr-1866(32) 
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1.  Introduction 

In  principle,  the  properttea  of  n  linear  system  can  be  complstsly  speci* 
fied  by  giving  its  response  at  all  real  frequencies.  The  response  of  such  a  system 
to  a  given  input  may  then  be  determined  by  the  principle  of  superposition.  In 
practice,  however,  this  procedure  may  not  be  straightforward,  either  because  the 
frequency  response  is  imperfectly  known,  or  because  it  is  not  convenient  to  carry 
put  the  necessary  calculation  for  the  linear  superposition.  In  the  case  of  the 
problem  of  tlie  dipole  antenna,  the  frequency  response  has  been  the  subject  of  in¬ 
vestigation  for  several  decades,  but  relatively  little  is  known  about  the  transient 
behavior.  For  the  idealized  problem  of  the  infinite  dipole  driven  by  a  delta- 
function  generator,  the  solution  can  be  obtained  explicitly.  V  This  solution  unfor¬ 
tunately  cannot  bo  checked  experimentally,  because  in  virtually  every  experimen¬ 
tal  setup  a  transmission  line  is  involved.  King  and  Schmitt^  have  measured  and 
computed  theoretically  the  effect  of  the  coaxial  transmission  line  connecting  the 
antenna  to  the  generator.  The  experiment  was  a  rather  difficult  one,  and  probably 
will  be  repeated  soon.  In  view  of  the  experimental  inaccuracy,  only  an  average 
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reflection  coefficient  le  calculated  theoretically.  There  Is  an  ambiguity  a ■  to  how 
thU  average  ihould  be  taken,  but  It  le  found  that  the  reeuita  of  taking  different^ 
averagee  are  quite  cloee  to  each  other,  and  are  In  good  agreement  with  the  meaeure* 
menti.  ■  ' 

With  the  help  of  a  high-apeed  oaeilloacope,  It  aeema  quite  poaaible  that  the 
accuracy  of  the  meaaurement  can  be  Improved  algniflcantly.  With  thia  jpoaalbllity 
in  mind.  It  may  be  argued  that  an  average  reflection  coefficient  ia  no  longer  ade* 
quate  In  deacrlblng  the  reault  of  obaervatlon.  It  ia  therefore  the  purpoae  of  thia 
paper  to  atudy  in  greater  detail  the  problem  of  the  linear  antenna  conaldered  by 
king  and  Schmitt.  ^ 

In  connection  with  the  problem  of  the  frequency  reaponse  of  a  linear  an* 
tenna  driven  from  a  coaxial  line,  it  has  been  shown  that,  to  a  good  approximation 
when  the  wavelength  is  not  too  small,  the  apparent  terminal  admittance  can  bo  de¬ 
composed  additivoly  into  two  parts,  one  being  characteristic  of  the  antenna  and  in¬ 
dependent  of  the  dimensions  of  the  transmission  line,  and  the  other  being  a  frequency- 
independent  capacitance.  In  the  experiment  of  King  and  Schmitt,  it  has  been  found 
that  the  effect  of  this  capacitance  is  at  least  one  order  of  magnitude  too  small  to  be 
detectable.  The  approximation  is  hence  made  throughout  this  paper  that  this 
capacitance  can  be  neglected.  Indeed,  the  calculation  becomes  immensely  more 
complicated  without  this  approximation.  Moreover,  in  the  treatment  of  King  and 
Schmitt,  only  the  case  of  the  infinite  antenna  is  considered;  this  approximation  is 
also  retained  here.  Physically,  this  means  that  only  the  initial  behavior  in  time 
is  given  correctly  by  the  present  theory.  In  view  of  these  assumptions,  it  is  felt 
that  it  is  not  meaningful  to  ask  for  expressions  of  great  accuracy;  instead,  the  pur  - 
pose  is  to  find  formulas  that  are  relatively  simple  and  are  yet  accurate  to  perhaps 
several  per  cent.  The  geo rne try  of  the  problem  is  shown  in  Fig.  1  . 
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2.  Formulation  of  the  Problem 

Lot  1  denoto  the  current  on  the  inner  conductor  of  the  coaxial  line,  then 
for  a  pure  TEM  mode  the  incident  current  ia  given  by 

(a /t)  ■  f^^^tt-a/c) 

where  e  ia  the  velocity  of  light.  It  la  aaaumed  that  f^^  haa  a  Fourier  repre- 
aentation  ■ 

00 

f^®(l)a(2ir)'^  y  dur{w)e“*‘^  .  (2.2) 

-00 

If  r(u)  is  the  reflection  coefficient  at  the  frequency  u  ,  then  the  reflected  current 

le 

l'®^(z,t)sf'®^(t+x/c)  ,  (2.3) 


where 


00 

£*^*^(1)  a  (2x)‘^  J  duHw)  F(u)c‘^“‘  .  (2.4) 

-00 


Moreover,  at  z  -*-03  ,  the  total  current  on  the  inner  conductor  of  the  coaxial 
line  approaches  ,  It  has  been  assumed  that  only  the  TEM  mode 

propagates. 

Let  Y(«)  and  Z(u)  =  [  Y(oj)J be  the  apparent  terminal  admittance  and 
impedance  respectively.  Let 

R^=(2v)-^  Co 
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be  tho  charactoristic  rbiiatanco  of  the  coaxial  lino,  whore  Cq  ie  the  characteriitlc 
impedance  bf  froe  ipaco.  Then 

r  (w)  ■  [R^  -  ZCw)l/lR^ +Z(u)]  .  {2.6) 


If  the  frequoncz-indepondent  capacitance  ia  neglectod,  then  the  apparent 


terminal  admittance  la  given  b/ 


I 

Y(u)  .  2  Ik  y  d{  (C^  -  k^''  [r 


(2.7) 


where  k  »  u/c  ,  7  ia  Eulor'a  conatant,  and  the  contour  of  intogration^CQ  ia  ahown 
in  Fig.  2.  Aa  pointed  out  before,^  there  ia  an  ambiguity  in  (2.  7)  duo  to  the  aeroea 

9  -  2Y  -  2  ^ 

of  the  quantity  in  the  bracket  at  ^  [k  t  4  e~  a~  ]?  i  thia  ambiguity  ia  of  no 
conaequcnco  here.  For  the  preaent  purpoao,  it  ia  aufflcient  to  expand  the  in¬ 
tegrand  of  (2.7)  in  powera  of  /tn  (ka)  .  The  two  leading  terma  are 


Y(w)*2irCo 

Therefore 


I  .,-1 


(^ka)  +  Y  --jirllVtnZttni^ha)  +  Y  --Jel  ] 


-2 


Z(u)  =  (2ir)"^  +2»l]  .  (2.  8) 

This  expression  is  also  used  by  King  and  Schmitt.  ^ 

The  following  property  of  the  right-hand  side  of  (2.  8)  is  of  paramount 
importance  here.  So  far  u  has  been  considered  to  be  real  and  (2.  8)  is  obtained 
on  this  basis.  However,  the  right-hand  side  of  (2.  8)  can  he  analytically  ebntinued 
into  the  entire  complex  oj-plane  except  for  a  branch  cut  along  the  negative 
imaginary  axis,  and  moreover  this  analytic  continuation  in  the  cut  plane  satisfies 
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-'the :  re  Ution 

Z*(-M*)  -  Z(«) ^  ^ 

where  the  aitertek  denotes  complex  conjugation.  In  general,  the  real  part  of  a 
microwave  Impedance  muet  be  non*negative  in  the  upper  half  plane.  This  is  not 
satisfied  by  the  right-hand  side  of  (2. 8)  when 

For  many  reasons  (2.  8)  must  break  down  when  (2.10)  holds.  The  present  con¬ 
sideration  is  meaningful  only  when  the  contribution  from  the  region  (2. 10)  is  not 
of  importance. 

In  the  next  two  sections,  the  reflected  current  is  to  be  obtained  approxi¬ 
mately  on  the  basis  of  (2.  3)  -  (2.6)  and  (2.8)  for  two  different  cases  of  incident 
current.  ■ 
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3.  Caae  of  a  Sharp  Stop 
In  thia  ■octioh,  the  caao  ia  conaidorod  whero 


t 


for  t  >  0  , 
for  t  <  6  . 


Hanco 


F(u)  •  i/w  . 


Hera  the  reflected  current  la  given  in  terma  of 


f  -I  r  1  -lut  (b/a‘)  -Yf iwi 

f'®V).-i{2w)  ^  J  w’Vdue  2 


tn{ka)*  +2n  (b/a')  -  Yf^*i 


whore  the  contour  of  integration  C|  ia  shown  in  Fig.  3  .  Accordingly 


f'®^  (t)  =  0 


for  t  <  0  ,  and 


dx  -xt 
—  o 

X 


P.l) 

(3.2) 


(3.3) 


4nc(ax)~|’-to0!>/a*)  -  Yiifi  _  In  c  (ax)'*|-tog)/a*)-Y  ■  i 
tn  c  (ax)”  +tn(b/a')  -  Y  +»i  •tnc(ax)”  tlinOj/a')  -y- x  I 


for  t  >  0  .  It  is  convenient  to  define 

tQ  =  (a7b){a/c)  , 

which  plays  the  role  of  a  characteristic  time  for  the  present  problem.  If 


(3.51 

(3.6) 
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then,  after  a  chango  orvariablo,  (3.  5)  may  bo  ilmjplijfied  to  tho  form 

CO 

+  2  (b/a*)  ^  x'Vdxb'’*'^  I(lnxfY)^  .  (3.8) 

valid  only  for  t  »  1  •  In  thla  range,  the  right>hand  eide 
of  (3.  8)  may  be  evaluated  approximately  ae  follows.  Since  It  Is  known  that 

.y 


O  '  00 

^  x‘^  dx  (I -e“*)  *  ^  x"^  dx 


e 


►“Y 


2  2  *1 

and  since  the  factor  [(tn  x  1*  1**  integrand  of  (3.8)  varies  rolatively 


slowly*  (3.8)  may  be  approximated  by 

|=-U2  tn(b/a*) 


“I  -Y 

T  _e 


■'{ 


x“^  dx  [(^nx  +  Y)^+X^J‘V.  (3.10) 


An  elementary  integration  gives*  for  t>  0  * 

f^®^  (t)  a  -  1  +  2  fn  (b/a*)  [■jw  -  tan  fn  t  )I  .  (3.11) 

Equations  (3.  4)  and  (3.11)  furnish  the  desired  answer  to  the  speciaredse 
under  consideration. 

Equation  (3. 11)  is  valid  only  when  T  »  1  .  Hence  no  information  has  been 
obtained  when  t  is  small  or  comparable  to  the  characteristic  time  tQ  .  The  be¬ 
havior  of  the  reflected  current  is  expected  to  be  rather  complicated  for  such  small 
t  .  since  very  high  frequency  components  play  an  important  role  in  this  range.  This 


1 . 

j;. 
i  ’ 
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infinite  dipole  antenna  driven  by  a  delta -function  generator.  ^  On  the  one  hand, 
there  exiati  no  known  way  to  treat  theae  vezy  high-frequeacy  componenta  theoreti¬ 
cally  for  a  linear  antenna driven  from  a  coaxial  line.  On  the  other  hand,  in  an 
actual  experiment,  there  ia  a  finite  riae  time  for  the  incident  pul ae  anyway,  and 
hence  theae  very  high-frequency  componenta  are  not  preaent.  Therefore,  fair  the 
purpoae  of  compariaon  with  poaaiblo  future  experimental  reaulta,  it  la  more  in- 
tereating  to  atudy  the  effect  of  a  finite  riae  time.  A  particularly  aimple  model  ia 
treated  in  the  next  aection. 
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4.  Ca«e  of  Graduat  Ri»o 

To  dittinguiah  tho  varioua  quantitloa  that  appoar  in  thia  aoction  from  tho 
correaponding  onoa  in  Soc.  3»  an  additional  aubacript  1  ia  uaad  hard.  In  tho 
preaent  caao,  tho  incidont  current  ia  given  in  torma  of 


/inc  .  . 

A  (‘t- 


for  t  >  0  , 


for  t  <  0  . 


(4.1) 


Hence 


Fj(w)  ■  liu*^.{u  +  itj‘V^) 


(4.2) 


Throughout  thia  aection,  it  ia  further  aaaumed  that 


Tj  »  tj/tQ»  1  . 


The  reflected  current  ia  given  in  terms  of 


(4.3) 


fj'®^{t)  .  -i(2w)’Vr  du[i-  — 


-iut  ‘^(J«a)"^-4n{b/a')-Y+2»i 
4n(ka)"^+4n(b/a')  -  Y  I 


.  (4.  4) 


Again,  for  t  <  0  , 


=  0. 


(4  5) 


Since  the  integrand  in  (4.  4)  is  unbounded  near  «  =  -it^  V,  it  is  more  convenient  to 
make  use  of  (4,  5)  and  rewrite  (4. 4)  in  the  form 

Vref...  .„  ,-i  r  V  rl  I  w  -i«t  -‘Al, 

f,  (t)  =  -i(2Tr)  \  du[--- — — -j.]  [e  -e  .  . 

a/  -  *  Atf  JP.n  /Va  \  •■■■iL  <ijr%  /K  /a  1  ^  —  V  X _ ••  i 


^  cii+it^  'tn{ka)"  f '^(b/a’)  - 


(4.6) 
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lo¬ 


in  this  form,  tho  procoduro  of  Soc.  3  ma/  bo  followed  to  yield  ■uccossivoly,  for 


X-tj 


i 


tnc  tax)"^  -  tn(b/A')  -  yfir  I  tnc{ax)"\-  tn|b/a')  -  Y-  »I 


^c  (axp^  +  tn(b/a')  -Y  +xi  tnc(ax)"^  4  <n(b/a') -  Y  -xl 


rr 


<4.7) 


and 


•t/t, 


00 


*)  +  2-tn{b/a‘)  Jdx  [x"^-  (x-T|“V^JIe  -e  [{4nx  +  Y/+w^]*v 

0  ‘  ' 

in  complete  analogy  with  (3.  5)  and  (3.  8). 

The  approximate  evaluation  of  the  right-hand  side  of  (4.  8)  is  based  on  the 
same  idea  as  before,  namely  on  the  observation  that  the  last  factor  in  the  integrand 
varies  relatively  slowly.  Let  x^ax^(t,  t^  bo  determined  by  the  condition 


-I  -Y 


xi  e 


J  dx  J[x-‘  .  {x-Tj-')-‘] 


CO 


j*  dx  [x'^  -  (x  -  Tj"V^  1  [ 


-XT  -t/t 


e  -  e 


‘1. 


(4.9) 
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Thon,  Xbr  t  ^  0  ,  (4.  8)  is  reduced  approximately  to 

f^'®^t)  a  (1  -  e  -  n  1  +2irV4n  {b/a‘)  -tan  Xj)  jl .  (4.  10) 


Equations  (4.  5)  and  (4.  l0)  furnish  the  desired  answer;  it  only  remains  to  find 
In  order  to  simplify  (4. 9).  some  properties  of  the  exponential  Integiral 


are  needed. 


Ei{*) 


be  an  analytic  function  of  the  complex  variable  s  with  a  branch  cut  coinciding 
with  the  positive  real  axis.  Also  lot 


for  X  >  0  ,  then 


ITi  (x)  »  Re  El  (x) 


Ei{x)  •  (P)  j*  fU^d? 


where  (P)  denotes  principal  value  at  5  »  0  .  With  this  notation,  (4. 9)  can  be 


written  as 


'^(x^/T)-  e  V  ^  {Xj/t^)+o  '  [El  (t /t^)  -  y  J  =  0  , 


and  honco 


=  T  exp  <  -{o  -  1)  [EI(t/ti)  ”  fn  (t/t|^)  -  y  J/ 


(4.11) 


This  completes  the  solution. 
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It  may  bo  of  sorno  Into  rest  tb  conoidor  briefly  two  oxtromo  caiOi.  ^i  (x} 
may  be  oxprooMod  alternatively  aa 

Hi  (x)  ■  e*  tn  X  ♦  Y- d?  e^  5  , 

Hence  for  X  <<  1  »  El  (x)  la  approximately 

El  (x)  •  tn  X  +  Y  ♦  *  • 

Accordingly,  when  t  «  Tj  *  (•l.ll)  roducea  to 

Xj  t/o  ,  (4*  12) 

On  the  Other  hand,  when  t»  Tj  » 

■  "Vt  .. 

X|  ~  T  e  ,  (4. 13) 

Thua,  for  t  »  t^  ,  the  reflected  current  la  eaaentially  independent  of  ,  aa  may 
be  expected. 

In  view  of  (4. 12)  and  (4. 13),  a  rough  approximation  to  the  reflected  current 
is  given  very  simply  by  putting  Xj  »  t  *  o*" 
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5,  Numortcal  RenultB  and  biMcuaaion 

A  quantitativo  atudy  of  tho  proportioa  of  a  pulao  rofloctad  back  into  a 
pbrfoctiy  conducting  coaxial  lino  from  the  Junction  between  the  line  and  a  mono- 
polo  antenna  erected  vertically  over  a  ground  screen  involvea  at  leaafc  five  param¬ 
eters.  .  Of  these  three,  radius  a  of  the  antemia,  the  radius  a'  of  the  inner  ^ 
conductor  of  tho  coaxial  lino,  and  the  inner  radius  b  of  the  coaxial  shield  are 
contained  in  the  characteristic  time  t^  ■  aa'/bc  where  e  is  the  velocity  of  light. 
The  fourth  parameter  is  the  rise  and  decay  time  t^  of  the  pulse  if  it  is  assumed 
that  the  rise  and  decay  are  identical  functions  of  the  time.  (If  this  assumption  is 
lot  made,  an  additional  parameter  is  required. )  Tho  fifth  parameter  is  the  duration 
of  the  pulse  ,  T  . 

A  convenient  radius  for  antennas  in  a  variety  of  measurements  is  a  —  3mm  . 
If  the  ratio  b/a*  for  the  coaxial  line  is  taken  to  be  2  —  corresponding  to  a  char- 

A-'-.,  ''v.  •  . 

acteristlc  resistance  R.  »  41  ohms  —  the  characteristic  time  t^  as  defined  in 
(3.  6}  is  only  about  5  x  10~^^  seconds.  This  is  an  extremely  short  time  for  micro- 
wave  measurements.  Indeed,  a  pulse  with  a  rise  time  much  less  than  10*^^  seconds 
is  at  present  difficult  to  obtain.  This  moans  that  t^/tQ  s  >  20  unless  an  antenna 
with  a  radius  that  is  much  greater  than  3mm  is  used  in  the  experiment.  Therefore, 
the  conclusion  is  reached  that  tho  pulse  shapes  and  amplitudes  determined  in  Sec.  4  for 
finite  rise  times  should  correspond  much  more  closely  to  possible  experimental 
situations  than  those  obtained  in  Sec.  3  where  a  sharp  step  is  assumed.  For 
comparison  with  measurable  results,  it  is  certain  that  a  pulse  with  a  finite  rise 
time,  a  finite  duration,  and  a  finite  decay  time  must  be  used.  Since  the  problem 
is  linear,  the  incident  current  is  of  the  form 
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whore  i«  givon  by  (4. 1)  and  whore  it  ha>  boon  aisumod  that  the  decay  of  the 

pulio  la  the  eamo  aa  tho  riae.  If  mercury  swltcho a  are  uabd,  the  particular  form 
(4.1)  la  probably  a  bettor  approximation  for  the  rlao  than  for  the  decay. 

For  purpoaea  of  compariaon  grapha  of  the  incident  aharp  atep  f^^(t)  aa 
defined  in  (3.1)  and  of  the  gradual  atep  f[^^(t)  with  riae  time  t^  aa  defined  in 
(4.1)  are  ahown  together  in  Fig.  4  .  In  the  aame  figure  are  alao  ahoam  aharp 
rectangular  pulaea  l^^'^ft)  and  pulaea  with  finite  and  equal  riae  and  decay  time  a 

.  I  M  A 

t|  aa  given  by  (t)  >  Theae  pulaea  have  the  forma 

I^"®(t)  a  /*'‘^(t)  -  f**'‘^(t-T)  ^  (5.  2) 

■and  ■ 

l{"‘'(t)  a  •  (5.3) 

whore  T  ia  tho  duration  of  tho  pulse.  Thia  is  asaigned  the  values  T/t^  ■  1,2,5  and 
10  for  the  gradual  pulso.  The  same  values  of  T  are  used  for  the  sharp  pulse  to 
facilitate  comparison.  It  is  soon  from  the  figure  that  with  a  finite  rise  time  the 
incident  pulse  is  not  flat  on  top  unless  T/t^  exceeds  about  5  . 

Physically  such  an  incident  pulse  consists  of  a  concentration  of  positive  (or 
negative)  charges  that  moves  outward  on  the  coaxial  line  with  the  velocity  of  light 
c  ,  if  tho  dielectric  is  air  and  perfect  conductors  are  assumed.  Such  a  moving 
concentration  of  charges  constitutes  a  current  I(z,t}  .  In  a  sharp  pulse  the  charges 
are  confined  to  a  physical  pulse  length  s  s  c/T  ;  in  a  gradual  pulse  of  the  same 
duration,  the  charge  concentration  actually  extends  over  a  greater  distance  if  the 
region  of  decay  is  included. 
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an  incident  concontratlon  ot  poi itivo  charges  roachea  the  jiinctioh  be¬ 
tween  the  coaxial  line  and  .the  antenna,  a  tranimitted  concentration  of  charges 
travels  outward  oh  the  antenna,  a  reflected  concentration  travels  back  along  the 
coaxial  line.  It  is  this  latter  that  is  given  by  f^®^(t)  in  (3. 11)  or  ^®^(t)  in  (4. 10) 
when  the  incident  signal  is  a  sharp  or  a  gradual  step,  and  by 

.  f%.D  ^  !»♦) 

or 

l”V)  •  -  /f'V-T)  ^5.5) 


when  the  incident  signal  is  a  sharp  pulse  or  a  gradual  pulse  with  identical  rise  and 
■decay. 

Consider  first  the  reflection  for  an  incident  signal  consisting  of  the  sharp 
step  f^"^(t)  as  defined  in  (3.1)  .  Physically  this  corresponds  to  a  uniform  con¬ 
centration  of  positive  charge  per  unit  length  advancing  along  an  uncharged  coaxial 
line  with  the  velocity  of  light.  When  the  sudden  rise  in  charge  per  unit  length  from 
sero  to  a  final  value  reaches  the  end  of  the  line,  the  transmission  of  an  outward¬ 


traveling  signal  along  the  antenna  and  a  reflected  signal  back  along  the  line  begins. 
The  reflected  disturbance  is  given  by  (3.11)  .  However,  since  the  restriction  t  »tQ 
has  been  imposed  in  the  doriv<ition,  this  formula  is  not  a  good  approximation  when 
T  is  small.  The  reflected  pulse  must,  of  course,  be  observed  at  a  great  distance 


from  the  antenna.  Since  the  nature  of  the  reflected  disturbance  depends  critically 

on  the  characteristic  resistance  = 

.  c 

convenient  to  use  this  as  the  parameter  in  the  numerical  evaluation  of  (3. 11)  in  the 


^  ^n  (b/a')  of  the  coaxial  line,  it  is 


alternative  form 


(5.6) 
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Curvoi  computod  from  (5. 6)  aro  shown  in  Fig.  5  ,  The  range  of  from  50  to 

280  ohms;  the  radius  a  of  the  antenna  is  taken  to  be  3/16  in  Or  2. 38  nim  • 

•i'2  ■ 

When  ■  50  ohms,  the  characteristic  time  is  t^  ■  3.45  x  iO  seconds. 

When  a  sharp  step  of  charges  is  incident  upon  a  termination  such  as  an 
antenna;  the  rofiectlon  observed  back  on  the  line  in  an  interval  T  must  be  tho 
same  as  for  an  incident  rectangular  pulse  of  duration  T  .  This  is  a  consequence 
of  causality  together  with  the  linearity  characteristic  of  the  problem.  Since  a 
shorter  pulse  contains  relatively  more  high-frequency  components  in  its  spectrum, 
the  initial  behavior  of  a  reflected  pulse  is  determined  primarily  by  the  characteris¬ 
tics  Of  the  Junction  at  high  frequencies.  This  is  of  particular  significance  in  de¬ 
termining  the  shape  of  the  reflected  signal,  since  the  impedance  of  the  antenna 
terminating  the  line  is  a  function  of  frequency. 

The  Impedance  of  an  infinitely  long  antenna  as  given  in  (2. 8)  decreases  as 
the  frequency  is  increased.  ^  If  such  an  antenna  (or  an  antenna  of  finite  length 
Insofar  as  the  first  reflection  from  its  base  is  concerned)  terminates  a  coaxial  line 

with  a  given  characteristic  resistance  R  3  50  ohms  ,  the  current-reflection  coef- 

•  ■  .  c 

ficient  tends  to  be  positive  for  the  high  frequencies  and  negative  for  the  low  fre¬ 
quencies.  Hence,  unless  R^  is  very  low,  the  reflection  of  a  sharp  step  as  it 
arrives  at  a  point  along  the  line  begins  with  a  positive  peak.  This  decreases  in 
amplitude  for  later  times,  and  eventually  reduces  to  zero  and  becomes  negative  as 
the  low-frequency  end  of  the  signal  becomes  dominant. 

As  the  incident  concentration  of  positive  charges  reaches  the  end  of  the 
line,  it  continues  out  onto  the  antenna  with  an  increased  magnitude,  while  a  compen 
sating  concentration  of  negative  charges  travels  back  along  the  line  to  reduce  some¬ 
what  the  constant  positive  charge  left  by  the  incident  step.  Note  that  negative 


chargof  moving  back  ftlong  tha  lino  conitltuto  a  positlvo  current.  It  is  ■eon  In  ^ 
Fig.  5  that  the  refloctod  current  la  poiltive  for  all  value  a  of  ^  50  during  a 
aufflclently  abort  initial  period.  The  amaller  the  R^  ,  tho  ahorter,  of  couraoi  lathi 
period.' 

Owing  to  the  uncertainty  in  the  initial  value  of  •  it  la  not  convenient 

.ref. 


to  conatruct  a  reflected  pulae  1  (r)  by  auperlmpoalng  the  reflectlona 

and  ^f^*^T“  T/^)  from  aucceaalvo  Incident  etepa. 

Computatlona  to  determine  the  reflected  aignal  f^*^(t}  for  the  gradual  in¬ 
cident  atep  and  lj*V)  ■  “  ff*V**T)  for  the  gradual  Incident  pulae  have 

been  carried  out  for  two  aomewhat  different  aeta  of  conditlona.  For  the  firat  aet 
the  following  data  (corresponding  approximately  to  an  experiment  already  reported)^ 

wore  used:  a  a  3/16  in  a  Z.  38  mm  ,  and  R  »  50  ohms ;  these  correspond  to 

c 

t^a  3.45  X  lO"  ^  seconds.  For  the  rise  time,  the  value  t^^  >  1.035  x  10  seconds 
for  T  I  a  t|/tQ  ■  300  approximates  that  used  in  the  experiment.  Curves  of  f|^°^(t) 
and  four  different  reflected  pulses  f^®^(t)  -  lj^®^(t-T)  with  the  pulae  durations 
T/t|  a  1.2,5  and  10  are  shown  in  Fig.  6  .  Note  that  fj[°^(t)  and  resemble, 

respectively,  f^^  (t)  and  l["^(t}  in  Fig.  4  .  Owing  to  its  rather  long  rise  time, 
the  pulse  does  not  contain  many  very  high-frequency  components,  so  that  with  the 


*  The  coaxial  line  used  in  the  experiment  had  polystyrene  {€^=2.45)  as  dielectric 

instead  of  air  as  assumed  in  the  theoretical  derivation.  It  is  readily  verified  that  if 

the  characteristic  resistance  of  the  line  is  the  same,  there  is  no  change  in  tg  whic^ 

is  how  defined  by  t- =  ^  (r  )  where  u  = /P  .  Since  R„  =  fn  ^  a  f  in  j 

■  0  c  'b  r  1  c  ^  0  a 

,  -jj  ..  U"*’  /  r  ^  ■ 

it  is  clear  that  for  any  given  R  ,  the  quantity  (— r)  Is  a  constant  independent 

of  the  dielectric  constant. 


FIG.  6 
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charactbristlc  rofintAnco  R  «  SO  ohmi  of  tho  coAxial  lino  the  Incident  current 

■  c  - , 

ii  ironoctod  with  a  nogAtlve  elgn.  The  mAxlmum  value  of  the  mcftaured  reflocted 
pulee^  with  t,  ■  10“^  aec  ,  T  ■  3  x  10“^  eec  ,  a  ■  3/16  In  and  R  ■  50  ohma,  waa 
0.  72  .  Note  that  thia  value  la  in  good  agreement  with  tlie  maximum  for  T/t|~  3 
.aa  aeeh'from  P)g."^'6  ' 

Very  intoreating  reaulta  are  obtained  with  a  aocond  aet  of  cnndltiona  in  which 

the  effect  of  changing  the  radiua  a'  of  the  inner  conductor  (  and  hence  the  character 

iatic  reaiatance  R^)  of  the  coaxial  line  ia  atudied  for  an  extremely  abort  riae  time. 

For  the  antonna  of  radiua  3/16  in  »  2.  38  mm  uaed  in  the  prevloua  caao,  the  riae 

time  uacd  ia  t^  *  0.69  x  10*^^  aacond.  {For  a  somewhat  thicker  antonna  witli 

a  ai  3.45  mm  the  same  reaulta  apply  to  a  rise  time  of  t^  ■  iO'^^  second.)  Let  a' 

and.  hcncc,  tQ  be  varied  in  such  a  manner  that  with  tj  ,  a  ,  and  b  fixed,  Tj  » tj/t^ 

has  the  value  T.  *  20,  50  ,  100  ,  500  ,  1000  .  These  correspond  to  R_  »  50  ,105.2  , 

.  ®  ■  c 

146.6  ,  187  ,  243  ,  285  ohms.  Curves  showing  f^®^(t)  and  with  T/tj  *1,2,5 

and  10  are  given  in  Fig.  7  for  each  of  the  five  values  of  or  R^  .  A  compoalte 
superposition  of  all  of  these  curves  in  Fig.  8  is  useful  for  overall  comparisons, 

A  study  of  the  five  sets  of  exu-ves  'ti  Fig.  7  and  Fig.  8  shows  that  for  the 
low  characteristic  resistance  =  50  ohms,  the  shapes  of  the  reflected  pulses  are 
quite  similar  to  those  In  Fig.  6  where  the  rise  time  is  15  times  as  long.  They  are 
also  very  much  like  the  incident  pulses  shown  in  Fig.  4.  The  reflected  current 
pulse  is  negative  for  R^  =  50  ohms.  However,  as  the  value  of  is  increased, 
the  initial  fairly  rapid  rise  begins  with  a  positive  rather  than  negative  peak  that 
corresponds  to  a  concentration  of  negative  charges  traveling  back  along  the  line. 


REFLECTED  STEPS  AND  PULSES  WITH  FINITE  RISE  TIME  t,  AND  PULSE  LENGTH 
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After  the  ponitive  peak  comee  a 
of  negative  charges  Is  followed  by  a  concentration  of  positive  charges.  This  be • 


Fig.  S  .  In  order  to  observe  a  positive  reflected  current  experimontally  a  pulse 
with  a  very  short  rise  time  and  a  line  with  a  fairly  large  value  of  are  re¬ 
quired.  .. 
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